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We show that the ambiguity for the Chern-Simons-like term induced from quantum
correction in the extended QED should have nothing to do with the approximation on the
exact fermionic propagator, contradictory to the claim in Ref.[19]. Further, we investigate
the induced Chern-Simons-like term using the original ’t Hooft-Veltman dimensional
regularization and reproduce the result obtained by gauge symmetry analysis. This fact
demonstrates that the origin of the ambiguity should lie in different choices on regularization
schemes.
PACS numbers: 11.15.Bt, 11.30.Cp, 12.20.Ds, 11.40.Ha
It is more than tens years that the radiatively induced Chern-Simons-like term in an extended
QED has been keeping as a popular topic. The most remarkable feature of this topic is the am-
biguity for the induced Chern-Simons-like term: a number of distinct results have been obtained
[1]– [19]. As pointed out by Jackiw [20], this ambiguity is a typical feature of quantum field theory
when some fundamental symmetry is violated that “radiative corrections are finite but undeter-
mined”. A convincing viewpoint is that the ambiguity originates from the different regularization
schemes of tackling the linear UV divergence [5]. However, recently it has been proposed that
the ambiguity may originate from different approximations on the exact fermionic propagator and
should be independent of the utilization on the regularization methods [19]. In this letter we show
explicitly that the claimed difference in the approximation on the exact fermionic propagator actu-
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2ally does not exist. Further, we show that the origin for the discrepancy in the radiatively induced
Chern-Simons like term should attribute to the choices on regularization schemes.
The fermionic sector of the extended quantum electrodynamics containing a Lorentz- and CPT-
violating axial vector interaction with a constant four-vector is described by the following La-
grangian density:
LF = ψ (i∂/− eA/−m− γ5b/)ψ . (1)
The exact fermionic propagators with the constant vector field bµ reads
S(p, b) =
i
p/−m− b/γ5
(2)
In the following we show that the two different approximations on the propagator (2) claimed
in Ref. [19] are actually identical. First, the approximation expansion of (2) to the linear order of
bµ given in Ref. [14] is
SI(p, b) =
i(p/+m+ b/γ5)
p2 −m2 + b2 − 2mb/γ5 + p · bγ5
=
i(p/+m+ b/γ5)
p2 −m2
[
1 +
2mb/− 2p · bγ5
p2 −m2
]
+O(b2)
=
i(p/ +m+ b/γ5)
p2 −m2
−
2iγ5(mb/− p · b)(p/+m
2)
(p2 −m2)2
+O(b2)
=
i(p/ +m+ b/γ5)
p2 −m2
−
2iγ5(mb · p− p/b · p−mp/b/+m
2b/)
(p2 −m2)2
+O(b2) (3)
On the other hand, with the identity
1
A+B
=
1
A
−
1
A
B
1
A+B
=
1
A
−
1
A
B
(
1
A
−
1
A
B
1
A+B
)
, (4)
there arises another approximation expansion of Eq. (2), which has been used in most of the
literatures,
SII(p, b) =
i
p/−m
+ i
1
p/−m
b/γ5
1
p/−m
+O(b2)
=
i(p/+m)
p2 −m2
+
i(p/+m)b/γ5(p/+m)
(p2 −m2)2
=
i(p/+m+ b/γ5)
p2 −m2
+
iγ5
(
2p · bp/− 2m2b/+mp/b/−mb/p/
)
(p2 −m2)2
+O(b2)
=
i(p/+m+ b/γ5)
p2 −m2
−
2iγ5(mb · p− p/b · p−mp/b/ +m
2b/)
(p2 −m2)2
+O(b2) (5)
One can see from Eqs. (3) and (5) that two approximation expansions are identical: SI(p, b) =
SII(p, b).
The above expansions are performed with no account taken on the regularization. To be more
confirmative, we consider the the ’t Hooft-Veltman dimensional regularization [21, 22] and observe
whether there exists difference between two approximation approaches at the regularization level.
3The prescription for the ’t Hooft-Veltman is defined as follows [21, 22]: the regularized n-
dimensional space is divided into a direct sum of the original four-dimensional and n−4-dimensional
spaces. When one calculates the amplitude represented by an Feynman diagram, the external
momentum pµ lives only in the four-dimensional space, and the loop momentum kµ in the whole
n-dimensional space,
gµν = g˜µν ⊕ ĝµν , pµ = p˜µ ⊕ 0 kµ = k˜µ ⊕ k̂µ,
g˜µν k̂
ν = ĝµν k˜
ν = 0, g˜µν = ηµν , ĝµν = −δµν . (6)
The 2[n/2] × 2[n/2] γ-matrices are defined as
γµ = (γ˜µ, γ̂µ), γ5 = γ
5 ≡ iγ˜0γ˜1γ˜2γ˜3 =
i
4!
ǫµνλργ˜
µγ˜ν γ˜λγ˜ρ,
{γµ, γν} = 2gµν , {γ˜µ, γ˜ν} = 2g˜µν , {γ̂µ, γ̂ν} = 2ĝµν ,
{γ˜µ, γ̂ν} = 0, {γ5, γ˜µ} = 0, [γ5, γ̂µ] = 0, (7)
where γ˜µ has only non-vanishing 4×4 components in the upper-left corner and γ̂µ has only the non-
vanishing 2−ǫ × 2−ǫ elements in the lower-right corner, ǫ ≡ 2− n/2. In addition, like the external
momentum, the γ-matrix appearing in the external vertex lives in four dimensions. One can easily
see that the above regularization prescription presents the SO(1, 3)× SO(n− 3) covariance rather
than the whole SO(n) covariance.
According to the above prescription, the first approximation expansion on the exact fermionic
propagator appearing in a loop of a certain Feynman diagram with a loop momentum k is
SRI (k, b) =
i
k˜/+ k̂/−m− b/γ5
=
i
(
k˜/+ k̂/+m+ b/γ5
)
k˜2 − k̂2 −m2 + b2 − 2mb/γ5 + 2k˜ · bγ5 − 2b/k̂/γ5
=
i
(
k˜/+ k̂/+m+ b/γ5
)
k˜2 − k̂2 −m2
−
2iγ5
(
mb/− k˜ · b
) (
k˜/+ k̂/+m
)
(
k˜2 − k̂2 −m2
)2
+
2iγ5b/
(
mk̂/− k̂2 − k˜/k̂/
)
(
k˜2 − k̂2 −m2
)2 +O(b2) (8)
While the second approximation leads to
SRII (k, b) =
i
(
k˜/+ k̂/+m
)
k˜2 − k̂2 −m2
+
i
(
k˜/+ k̂/+m
)
b/γ5
(
k˜/+ k̂/+m
)
(
k˜2 − k̂2 −m2
)2 +O(b2)
=
i
(
k˜/+ k̂/+m+ b/γ5
)
k˜2 − k̂2 −m2
−
2iγ5
(
mb/− k˜ · b
) (
k˜/+ k̂/+m
)
(
k˜2 − k̂2 −m2
)2
4+
2iγ5b/
(
mk̂/− k̂2 − k˜/k̂/
)
(
k˜2 − k̂2 −m2
)2 +O(b2) (9)
Eqs. (8) and (9) show that even at the ’t Hooft-Veltman dimensional regularization level, the two
b-linear order approximations for the exact fermionic propagator appearing in the fermionic loop
are still identical:
SRI (k, b) = S
R
II (k, b) ≡ S
R(k, b) (10)
In the following we observe the induced Chern-Simons-like terms using the prescription defined
in (6) and (7). The one-loop vacuum polarization tensor in the ’t Hooft-Veltman dimensional
regularization is
iΠ(1)Rµν (p, b) = −
∫
dnk
(2π)n
Tr
[
(−ieµǫγµ)S
R(k)(−ieµǫγν)S
R(k + p)
]
= −e2µ2ǫ
∫
dn
(2π)n
Tr
(
γµ
1
k/−m− b/γ5
γν
1
k/+ p/− b/γ5
)
(11)
Using the expansion (4), we focus on the sector of the vacuum polarization tensor relevant to the
Chern-Simons-like term, which consists of the b-linear terms in Π
(1)
µν (p, b),
iΠCSµν (p, b) = iΠ
(1)CS
µν (p, b) + iΠ
(2)CS
µν (p, b),
iΠ(1)CSµν (p, b) = −e
2µ2ǫ
∫
dnk
(2π)n
Tr
(
γµ
1
k/−m
b/γ5
1
k/−m
γν
1
k/+ p/−m
)
,
iΠ(2)CSµν (p, b) = −e
2µ2ǫ
∫
dnk
(2π)n
Tr
(
γµ
1
k/−m
γν
1
k/+ p/−m
b/γ5
1
k/+ p/−m
)
. (12)
Further, one can (naively) show that Π
(1)CS
µν (p, b) and Π
(2)CS
µν (p, b) are identical. Making the
shift k → k − p in Π
(2)CS
µν (p, b), we have
iΠ(2)CSµν (p, b) = −e
2µ2ǫ
∫
dnk
(2π)n
Tr
(
γµ
1
k/− p/−m
γν
1
k/−m
b/γ5
1
k/−m
)
= −e2µ2ǫ
∫
dnk
(2π)n
Tr
(
γν
1
k/−m
b/γ5
1
k/−m
γµ
1
k/− p/−m
)
= iΠ(1)CSνµ (−p, b) = Π
(1)CS
µν (p, b) (13)
where in the last line we have used the tensor structure of ΠCSµν (p, b) = ǫµνλρp
λbρf(p2). Therefore,
we obtain
iΠCSµν (p, b) = 2iΠ
(1)CS
µν (p, b)
= −2e2µ2ǫ
∫
dnk
(2π)n
Tr
[
γµ
(
k˜/+ k̂/+m
)
b/γ5
(
k˜/+ k̂/+m
)
γν
(
k˜/+ p/+ k̂/+m
)]
(k2 −m2)2[(k + p)2 −m2]
= 8ie2µ2ǫǫµνλρ
∫
d4k˜
(2π)4
∫
dn−4k̂
(2π)n−4
2k˜ · bk˜λpρ + (k˜2 − k̂2 −m2)k˜λbρ + (k˜2 + k̂2 +m2)pλbρ
(k˜2 − k̂2 −m2)2[(k˜ + p)2 − k̂2 −m2]
(14)
5In above we have used the prescriptions listed in (6) and (7) and the following formula,
Tr (γ5γ˜µγ˜ν γ˜λγ˜ρ) = −4iǫµνλρ, k̂/k̂/ = − k̂
2 (15)
To evaluate the non-covariant integrals in Eq. (14), it is very convenient to repeatedly use the
following decomposition to improve the UV behavior of the integrand,
1
(k + p)2 −m2
=
1
k2 −m2
−
2k · p+ p2
(k2 −m2)[(k + p)2 −m2]
. (16)
Once the integration becomes UV finite, one can directly take the n→ 4 limit before performing the
integration, and the integrand proportional to the evanescent quantity k̂µ will vanish automatically
[23]. For examples, we have
lim
n→4
∫
dnk
(2π)n
k̂2
(k2 −m2)2[(k + p)2 −m2]
= lim
n→4
∫
dnk
(2π)n
k̂2
(k2 −m2)2
(
1
k2 −m2
−
2k · p+ p2
(k2 −m2)[(k + p)2 −m2]
)
= lim
n→4
1
(2π)n
∫
d4k˜
∫
dn−4k̂
k̂2
(k˜2 − k̂2 −m2)3
=
i
32π2
; (17)
lim
n→4
∫
dnk
(2π)n
k˜µk˜ν
(k2 −m2)2[(k + p)2 −m2]
= lim
n→4
∫
dnk
(2π)n
k˜µk˜ν
(k2 −m2)2
(
1
k2 −m2
−
2k˜ · p+ p2
(k2 −m2)[(k + p)2 −m2]
)
=
1
4
g˜µν lim
n→4
∫
d4k˜
(2π)4
k˜2
∫
dn−4k̂
(2π)n−4
1
(k˜2 − k̂2 −m2)3
−
∫
d4k
(2π)4
(2k · p+ p2)kµkν
(k2 −m2)3[(k + p)2 −m2]
=
i
64π2
gµν
1
ǫ
− γ + ln
4πµ2
m2
+ 2−
2m
p
(
4−
p2
m2
)1/2
arctan
p/m
(4− p2/m2)1/2

+
i
32π2
pµpν
p2
[
1− 4
m
p
1
(4− p2/m2)1/2
arctan
p/m
(4− p2/m2)1/2
]
(18)
Note that in above integrations one should integrate over k̂ first and then over k˜.
Using the integration formula listed in Appendix, we can obtain the part of the vacuum polar-
ization tensor relevant to the Chern-Simon-like term,
iΠCSµν (p, b) =
ie2
2π2
ǫµνλρp
λbρ
[
1
2
−
∫ 1
0
dx
1− x
1− x(1− x)p2/m2
+
p2
m2
∫ 1
0
dx
5x(1 − x)2 − 2(1 − x)3 − x(1− x)
1− x(1− x)p2/m2
]
=
ie2
2π2
ǫµνλρp
λbρ
−4 + 4m
p
(
4−
p2
m2
)1/2
arctan
p/m
(4− p2/m2)1/2
 (19)
6The induced Chern-Simons coefficient kµ is defined from Π
CS
µν (p, b) at p
2 = 0. Eq. (19) gives
kµ = 0 (20)
However, this is not the end of story, one should evaluate the surface term produced by the
loop momentum shift k → k − p, since the loop integral in linearly divergent. As shown in
Ref. [2], the shift can somehow lead to a non-vanishing surface term. In spite of the overwhelming
viewpoint that the shift can be safely taken after having implemented a regularization, but due to
the particularity of the t’Hooft-Veltman regularization scheme, an explicit calculation should be
performed to observe whether a finite result can arise from the surface term. The calculation on
the chiral anomaly from the triangle diagram is a typical example [24].
The surface term induced by the variable shift in Eq. (13) is
∆Π(2)CSµν (p, b) = ie
2µ2ǫ
∫
dnk
(2π)n
[
Tr
(
γµ
1
k/−m
γν
1
k/+ p/−m
b/γ5
1
k/+ p/−m
)
−Tr
(
γµ
1
k/− p/−m
γν
1
k/−m
b/γ5
1
k/−m
)]
(21)
The calculation on the surface term is the same as that evaluating the chiral anomaly from the
triangle diagram 〈jµ(p)jν(p − q)j
5
ρ(q)〉 with the momentum of the axial vector current q = 0. In
the ’t Hooft-Veltman dimensional regularization, the surface term can only get contribution from
the integrands containing the evanescent momentum k̂2 [24]. Therefore, evaluating the trace in
(21) and taking into account the terms containing k̂2, we have
∆Π(2)CSµν (p, b) = 4e
2ǫµνλρ
∫
dnk
(2π)n
 k̂2
(
k˜λ + 2pλ
)
bρ
(k2 −m2)[(k + p)2 −m2]2
−
k̂2
(
k˜λ + pλ
)
bρ
(k2 −m2)2[(k − p)2 −m2]

=
ie2
24π2
ǫµνλρp
λbρ (−2 + 6− 1− 3) = 0. (22)
This coincides with the result obtained in Ref. [9].
In summary, we have shown the two approximations on the exact fermionic propagator used
in Ref. [19] are actually identical at both unregularized and regularization level. The discrepancy
shown by the author should come from the different algebraic operations the author made on the
integrand rather than taking approximation on the fermionic propagator. Further, using the ’t
Hooft-Veltman dimensional regularization, we have calculated the induced Chern-Simons-like term
and obtain a vanishing result. The reason for this result is probably because the dimensional
regulation preserves the Ward identities and make the theory well defined at regularization level,
as analyzed in Ref. [9]. In comparison with the various results obtained in the literature [1]– [19],
7the origin for the ambiguity in the induced Chern-Simons terms should lie in different choices on
regularization schemes.
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APPENDIX A: INTEGRATION FORMULA
Some integration formula used to evaluate (14) and (21) are listed in this appendix:
lim
n→4
∫
dnk
(2π)n
k̂2
(k2 −m2)2[(k + p)2 −m2]
= lim
n→4
∫
dnk
(2π)n
k̂2
(k2 −m2)[(k + p)2 −m2]2
= lim
n→4
∫
dnk
(2π)n
k̂2
(k2 −m2)3
= lim
n→4
1
(2π)n
∫
d4k˜
∫
dn−4k̂
k̂2
(k˜2 − k̂2 −m2)3
=
i
32π2
, (A1)
lim
n→4
∫
dnk
(2π)n
k̂2k˜µ
(k2 −m2)2[(k − p)2 −m2]
=
∫
dnk
(2π)n
2k̂2k˜ · pk˜µ
(k2 −m2)4
= lim
n→4
1
(2π)n
∫
d4k˜
∫
dn−4k̂
(−2)k̂2k˜µ
(k˜2 − k̂2 −m2)4
=
i
96π2
pµ, (A2)
lim
n→4
∫
dnk
(2π)n
k̂2k˜µ
(k2 −m2)[(k + p)2 −m2]2
= lim
n→4
∫
dnk
(2π)n
(−4)k˜µk̂
2k˜ · p
(k2 −m2)3
= −
i
48π2
pµ (A3)∫
d4k
(2π)4
1
(k2 −m2)2[(k + p)2 −m2]
= −
i
16π2
∫ 1
0
dx
1− x
1− x(1− x)p2/m2
, (A4)∫
d4k
(2π)4
k˜µ
(k2 −m2)2[(k + p)2 −m2]
=
i
16π2
pµ
1
m2
∫ 1
0
dx
x(1− x)
1− x(1− x)p2/m2
, (A5)
lim
n→4
∫
dnk
(2π)n
k˜µk˜ν
(k2 −m2)2[(k + p)2 −m2]
=
i
64π2
gµν
(
1
ǫ
− γ + ln
4πµ2
m2
)
+
i
64π2
gµν
p2
m2
∫ 1
0
dx
(1− x)3 − x(1− x)2
1− x(1− x)p2/m2
−
i
16π2
pµpν
p2
p2
m2
∫ 1
0
dx
x(1− x)2
1− x(1− x)p2/m2
, (A6)
lim
n→4
∫
dnk
(2π)n
k˜2k˜µ
(k2 −m2)2[(k + p)2 −m2]
= lim
n→4
∫
dnk
(2π)n
k˜µ
(k2 −m2)[(k + p)2 −m2]
+ lim
n→4
∫
dnk
(2π)n
k˜µk̂
2
(k2 −m2)2[(k + p)2 −m2]
+m2
∫
d4k
(2π)4
k˜µ
(k2 −m2)2[(k + p)2 −m2]
= −
i
32π2
pµ
(
1
ǫ
− γ + ln
4πµ2
m2
)
−
i
32π2
pµ
p2
m2
∫ 1
0
dx
(1− x)3 − 5x(1− x)2 + 2x(1− x)
1− x(1− x)p2/m2
−
i
96π2
pµ +
i
16π2
pµ
∫ 1
0
dx
x(1− x)
1− x(1− x)p2/m2
, (A7)
(A8)
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